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Abstract: The length of the GRS code is enlarged in relation to the increasing of the columns of the systematic
generator GC matrix, thereby transmission of the information becoming more safe. A new GTRS code is constructed
having enlarged length and having both enlarged length and increased number of message-symbols, thereby making
transmission of the information more safe; increasing the number of message-symbols to be transmitted; and
increasing the number of codewords within the code resulting in enhancing the utility of the code.
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1. Introduction
If d =n -k + 1, then a linear code depicted as [n, k, d], is known as Maximum Distance
Separable (MDS) code over finite field F.[1]. If C be an [n, k, d] code, having systematic generator matrix G
given by G = [l | A], I being the identity matrix of order k, A being k x (n - k) matrix, then code C will be
MDS if and only if every square submatrix of matrix A is non-singular. If a;=1/ (x; + Y;), where Xy, X,
. v Xm iYL V2o - . ., Ynall from finite field F, then the matrix A having order m x n, is known as a
Cauchy matrix.[4]. If the matrix A has one row (or column) of 1s, and deletion of such a row (or column) of
1s changes the A into A, where matrix A is Cauchy matrix, then the matrix A is known as Extended Cauchy
matrix. Each square sub-matrix of the Extended Cauchy matrix A will be non-singular if each square
sub-matrix of Cauchy matrix A is non-singular and vice-versa. Let any vector z be: z = (23, zo, . . . , Zy).
If D(2) is the diagonal matrix having order £ with D;; = z; as diagonal entries, then matrix A of order m x n is
known as Generalised Cauchy matrix, if A = D(c).A.D(d), where A is an m x n Cauchy matrix, ¢ = (cy, Cy, .
,Cm),d=(d, d, . . . ,dp) arethe vectors having non-zero elements from the finite field F. So, A

will be equal to [C‘Td’] ; Gi, d;, X, y; belonging to the finite field F, values of i and j varying from 1 to m
Xi j mXn

and from 1 to n respectively. If all the square sub-matrices of A are not singular, then all square sub-matrices
of the matrix A will also be non singular. So for MDS code having parameters n, k, and d, a systematic
generator matrix can be constructed by the process of linkage of I, with Generalised Cauchy matrix having
order k x (n - k), where GC matrix is suitably defined. If a = (0, a,, . . . ,0a,) be the vector having
different elements from the finite field F, if v=(v{, v,, . . . ,v,) be the vector of non-zero elements
from the finite field F, these non-zero elements may not be necessarily different elements, then the code C is
known as GRS [4], which is written as GRS (n, k, a, V), if it has generator matrix of the kind: G = [G; G,
G,], where G; s are the columns of the kind: G; = [v, vioi, Vii?, . . . viai"'l]’kxl. And Roth and
Seroussi [2] showed that the GRS code will have a systematic generator matrix of the kind [I | A], A being a
GC matrix, and vice-versa [5].
Theorem 1. [Vinocha, Bhullar, Brar] [5] If there is code, which is GRS having parameters (n + 1) and k, and
determined by vectors @ and v, a = (ag, 0z, . . . ,0n One1), V=(Vy, Vo, . . . , Vp, Vaea), then the code will
have systematic generator matrix of the kind [I | A], A being Generalised Cauchy (GC) matrix having order

kx (n+1-K)sothat A;= % , Where:
iTYj

Xi= -0, i varies from 1 to k (1.2)
Yi= Ok jvariesfrom1to (n+1-k) (1.3)
-1
_ Vi - -

Ci= Moo i varies from 1 to k (1.4)

dj = Virk - [Ty (@45 — ), j varies from 1to (n + 1 - k) (1.5)
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and conversely, if A is Generalised Cauchy (GC) matrix having k rows and (n + 1 - k) columns which is
determined by the vectors x, y, ¢, d where X = (xi)it®, ¥ = (V=™ , € = (C)ies’, d = (d))j™™ s0 that each
square sub-matrix of the matrix A will be non-singular, then [I | A] will generate a code which will be GRS
code having parameters (n + 1) and k, and determined by vectors a, v, where:

0= =X, i varies from 1 to k (1.6)

0= Yk » jvaries from (k + 1) to (n + 1) 1.7

V= — , i varies from 1 to k (1.8)

Hl<t<][(]t¢1(xt_xi)
A S i + + .

V= e jvaries from (k + 1) to (n + 1) ) (1.9)

A matrix A of order m x n is known as GEC matrix, if this is of the kind: A = D(c).A.D(d), where

A is Extended Cauchy matrix of order m x n, and vector ¢ = (Cy, C, . . . ,Cn), vectord=(d;, dy, . . ., dp)

having elements which are non-zero from the finite field F. If each square sub-matrix of the matrix A which
is Extended Cauchy matrix, is not singular, then each square sub-matrix of the matrix A will also be not
singular. Hence, generator matrix in systematic form, of the [n, k, d] MDS code can be constructed by the
process of linkage of I, of order k with GEC matrix of order k x (n - k), which is suitably defined. Further,
the Extended GRS code will have a generator matrix, which will be generator matrix of the GRS code having
parameters n and k and is determined by vectors a, v, whenever one of o; s will be zero. Let a, = 0. Further
extension of the code can be accomplished when matrix G will have a column of Kkind:
G,=(00 ... 0v,),v, beinganon-zero element from the finite field F, so that MDS property is
maintained. The resulting new code will be known as Generalised Doubly Extended Reed-Solomon code
written as GDRS having parameters (n + 1) and k and is determined by wvectors a, v,
0=(0g, 0, . . . , 051, O, O, . . . ,0n),V=(Vy, Vo, . . . ,Ve1, Vo, Vs, . . ., Vp), S being index of G,
within the matrix G. And Roth and Serorussi [2] have showed that the GDRS code will have systematic
generator matrix of the kind [l | A], A being GEC matrix, and vice-versa.[5].

2. GTRS Codes and GDC Matrices

A matrix A having order m x n is known as Doubly Extended Cauchy matrix, When matrix A will

have two rows (or columns) of 1s, and if we delete these, then A changes to matrix A where 4 is a
Cauchy matrix. Hence doubly extended Cauchy matrix, having two rows of 1s will be of the form:

1 T 1
1 1 1
1 1 1
Xty X+tYy, X +Y, ! (2.10)
1 1 1
KtY X tY, X tY,
1 1 1
_mez +Y: X2t Y, ' . . Xn2 T Y Jmxn
so that
1 1 1
X4V, XHY, 0 X+Y,
A=| 1 1 1
N+ X%ty X4y,
1 1 1
R A S S VA

is a Cauchy matrix.
A matrix A having order m x n, is known as Generalised Doubly Extended Cauchy matrix, briefly

written as GDC, if it is of the kind: A = D(c).A.D(d), 4 being doubly extended Cauchy matrix of order m x n,

and vectorscand d areas: c=(Cy, C2,. . . , Cm), d=(dy, dy, . . ., dy) having non-zero elements from finite
field F.[5]. So,
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1 . . .
c,0...0 rr et d,0...0
1 1 1
A=| 0 ¢, 0 I3y xay, — " 0d,...0
1 1 1
X+ X tY, o XY,
000 ..¢c, | | | S 000..d,]
1 1 1
[ Xm2 T Y1 Xn2a T Y, ' . . Xna tYn L
[ cd, ¢cd, . . . cd, ]
c,d, ¢cd, . . . c,d,
cdi  &d: G
ie. A=|x+y x+y, T xty, (2.12)
Xty XY, X+,
c,d, c,d, S cd,
A N SR /A

If all the square sub-matrices (having order greater than 2) of this Cauchy matrix A which is
Doubly Extended are not singular that is non-singular, then all the square sub-matrices (having order greater
than 2) of A will also be non-singular. Hence, we can construct generator matrix, which is systematic in
nature, for [n, k, d] MDS code by the process of linkage of I, with GDC matrix having order k x (n - k)
which is suitably defined.[5].

Generator matrix of the code GDRS having parameters (n+ 1) and k, and determined by
vectors @, v, may be extended further if we take a more column of matrix G of type: G./= (000 . . .
0 v.),v., is non-zero element from the finite field F, so that property of being MDS is
retained. The resulting new code will be known as GTRS, which we can denote as GTRS having

parameters (n + 2) and k, and is determined by vectors a, v, a= (0, 0z, . . . , 0.1, O, o o . . ., Op),
V=(V, Vo, . . ., Vs1, Voo, VARV ,Vn), s being index of G, and G,/ inside G.Hence, code
GTRS will have generator matrix as:

A v, ... . v, 00

v, v,a, 0O 0 O

v v, 0 00

k-1 k-1
v,oy v,a, B

L o Yo lkx(n+2)
Theorem 2. [Vinocha, Bhullar, Brar] [5]

(i) If code is GTRS having parameters (n +2) and k, and determined by the vectors a, v, o= (ay, 0, . .
L Os1, Oy Ok O . . ., Gp) and V= (Vg Vo, ... Ve, Voo, Vod Ve, - - . ., V), Where s varies from k to (n
+ 2), then code will have [I|A] as a form of generator matrix, A =[A1, A . . ., A1, As, Al Ag .
.., An] and it is GDC matrix of order kx (n+2-k) having the following two additional
columns compared with generator matrix of GRS code having length n: A, =d.(cy, Ca, ..., C), A, =
d./(cy, Ca, . . ., ) before (s - k)th column of the matrix A, whenever s is less than (n + 2), or as last column
ifsisequal to (n +2), d.,= v, d./= v,/ and ¢;sare as in (1.4).

(ii) Conversely, given GDC matrix A so that each square sub-matrix of A4 is not singular, there exist
vectors a and v which determine code GTRS which is generated by matrix [l | A].

Theorem 3:

(i) If C is GTRS code, denoted as GTRS having parameters (n + 2) and (k + 2), which is determined by
vectors a and v same as in Theorem 2
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i.e.  a=(0g 0y ..., 01, Oy, 0y G oo, 0n),
V= (Vi Vo, o o Vet, Vo Veh Ve, « o . o, Vi),
but with 1 < s < k+2, then code C will have generator matrix of kind [I| 4], 4 being:
A=[aya, . .., 818,88, . . . &l

is (k+2)x(n-k) GDC matrix which is got from GC (Generalised Cauchy) matrix of Theorem 1
having order k X (n — k) by inserting the rows:
e = Co[(-1) 2. (oeen) " Vicer. T @, (0s2) ™ (Ao ko2 — 0ot ) + Vi - (-1)<2 TTKAE o),
/ / Co > (an)-l.( Ok (O — Oks1 ) + Vi -('l)k+2- g(=+11 o;)];
d, = Cyp (dl, dz, ey dn-k)
before the sth row of the matrix Aifsislessthan (k +2), or as last rows if sisequalto (k+2), c,=
v, ¢/ =(v))", the di’s are the same as defined in equation (1.5) with 1<j < (n — k).
(ii) Conversely, given GDC matrix A so that each square sub-matrix of the matrix A is not singular, then
there will exist vectors e and v which will determine GTRS code C which is generated by matrix [l | A].
Proof: (i) Here C is the GTRS (n + 2, k + 2, a, v), which is determined by the vectors:
a=(0g 0y . . . ,0Ogq, Oy ol 0 ..., an),
V= (Ve Vo, o o o Vet Ve Ve Ve, .« . ., Vi)

Here the dimension of code C is k + 2, whereas in Theorem 2, it was k. Length of C is (n + 2),
whereas in Theorem 2, it was also the same i.e. (n+2). Because here 1 < s < (k+ 2), and number
of message-symbols are k+ 2, therefore, G, and G,/ would be there among columns of the
generator matrix G which corresponds to message-symbols. Take case of s = (k +2) for convenience,
the other case of s < (k + 2) would be similar.

Now generator matrix will be:

G =[P |Q].D(v), where :

o a, o. . . Q o, )
2 2 2 2
p— o & ag. .. G Q- at, - . . al
k-1 k-1 k-1 k-1 k-1
a; o 2 < Al S
0
P= P . , Q= Q
0
K K K k k k
@ e I I ()
_ 0
_ P 0 Q = Q
P=
0
k+1 k+1 k+1 k+1 k+1 k+1 k+1
o a1 [ Tz - % e
L (=0) dk+2)x(k+2)
By considering the polynomial
L fi(z) = Hlﬁtﬁk;t_#i(z__ 0p) = Zogrsk—_1 fir. 2",
P~ will be found, and by considering the polynomial
— Tk — Yk
g(Z) - Ht=1(Z - at) - Zr=0 &r- Zr!
105 International Journal of Engineering, Science and Mathematics

http://www.ijesm.co.in, Email: ijesmj@gmail.com




ISSN: 2320-0294 [ Impact Factor: 6.765

0
BY)-1 wi Pyl Pt
(P)~1 will be foundas: (P )=
0
1% O - - . . Oa Gk
1 1 1
IfPistakenas: P=| ¢, a, o, |
o a o
then P will be as :
—a,0, a, +a, -1
(o —a,)(a; — ) (4 —a,) a3 — ) (o —a,)a; — )
Pt= -0, a +a -1
(o —a,)a, — ) (- a,)a;, — ) (4 —a,)(a, —3)
-, o +a, -1
_(az —o)(a; —ay) (o, —ag)(o; — o) (o, —ag)(o; — o) i
1 1 1 0
If Pistakenas: P =| % @ 2 0
af al a? 0f
ol al al 1
then we will have (P)™ as:
[ —a,a, a, +a, -1 0 i
(o —a, )y — ) (o —a,)(oy —ay) (o —a, )y — )
—a,a, a,+a, -1 0
(P)-l = (g -a)a, —a,) (o —a, ), —a3) (o —a,)(a; —a3)
-, o, +a, -1 0
(o —a3)(as —ay) (o —a3)(as —ay) (0, —a3)(as —ay)
g[] gl gZ gS
(=-aa,a5) (Faoy +aa;+aa) (E-(a+a,+a;) (=)
- 0 1
Pt 0
oras: (P)'= 0
gO gl gZ 93
1 1 1 0 0]
o, a, a;, 0 O
Now concrete ( P ) will be: (P) = o o «@ 0 0|,
o al al 1 0
_ocf a, aé‘ 0 1ls
And inverse of ( P ) will be obtained as:
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—a,a, a, +a, -1 0 o0
(a,—a)oz—a) (o —a,)a;—a;) (o—a,)(a;—a)
_ —-o,a, a;+a; -1 0 0
(P)"= (a—a))a,~ay) (—a,)a,—a;) (g —a,)(a,—as)
-a,a, o +a, -1 0
(o, —a)ay—a,) (o, —as)(as—a) (o, —ag)(as—ay)
—o,0,0, o0, + o0+, — (o +a, +ay) 1 0
—o,0,0,. (o, +ay)(a, + ;).  —(al+al+a’ 0 1
| (o, +a, +ay) (o3 + ) +a,a, +a,a, ]
or as:
_ o o
pt 0 0
(P)* = 0 0 (2.12)
—-a,a,a, (o, +o,0, +a0) — (o +a,+a;) 1 0
—a,a,a;. (o, +a) (e, +a). —(af +al+a? 0 1
(o, +a, +as3) (a3 + ;) +a,a, +a,0,
| +a,a,) |
Consider the polynomial:
h(@) =TT (z — o) = X2 hy . 2"
Therefore (z-01).(z-02) . . . (Z-0k).(Z - Oks1)
=he.2’+ hp.2 + he2?+ . . . +hy 2
= . (og+t o+ ... ot ak+1).zk+ (ogopt+ . .. ).Zk’1+ C
+ (D (ogon . .. ok Oker)
=hg+hp.z+haz> + . . . + heZ"+ hp .24
Comparing:
hiea =1 he =-(op+ oot . . . F okt ), ha =+ . ..
hez =- (oo o+ .. ) . . . . . ho =(1)Ua0p . . . axokm)

Since in the considered concrete example, the subscript of o; S is at the most 3, so taking k = 3, we
get from above:
hs=1; h3=- (o1t 0o +a3); Ny =0g 0 + 0z 03+ 0z0; N1 = - 0 0 ag; No=+ 0y 0 a3
Therefore ( a1+ 0 + 03)° = 02 + 0> + aig> + 2(01y 0 + 0 a3+ 05 0y)
i.e. (-hs)® = 01" + o + 0" + 2(hy)
ie. (112 + (122 + (132 = h32 - 2h2
ie. (112+ (122 + (132 + ((Xl Ol + Ol O3 + o3 0.1) = h32 - 2h2 + (0.1 (V7] + (07] 0.3+ O3 0.1)
= h32 - 2h2 + h2
= hs2 -h;
(-hs-az).(- h3 —0).(- hs — o)
- (hs+ay).(hs + a).(hs + as)
- [ hg? + hg 0+ N3 0; + 0105].( hs +a)
- [hs®+ hg? og+ hy® o + hy 0, 03
+ha? oy + N3 o + hy oy 0 + 0g 0y 0]
-[hg*+ 3 (out op + a3)
+hy (og 0+ 0p 03+ 03 01) + 010 03]

- [h® +hg? (- h3) +hg (hy) +(-hy)]

and ( o+ oy )( ap + (13).( oz + (X]_)

hy - hy h3
and - ag0p az( ap+0p+ 0g) = (hy).(-hs) =-hy hs
and ho + hl =0
Hence (2.12) implies:
- 0 0 _
~ p 0 0
(P = 0 0
h1 hz hs h4 (: 1) 0
| —hh,  h—hhy h —h? hy+h h,(=1) |
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h,
Ly

P -1

h,
hll

where h{ s are some functions of h;s.

(Py*

h,
g

Generalising, we shall have:

h2
hl/

where h{ s are some functions of h;’s.

In this theorem, a generator

form will be [1 | A], where Awillbe:
A= (D[u]v.v..])™).(P)™". Q .D(w)

h, .
h, .

0 0
0 0
0 0 '
h, h(=1) 0
h' h' h/(=2)
0 0 ]
Pt 0 0
0 0 ,
hk+1 =) O
hk/ hk+1/ (=1
matrix of

) 0
— 0 0 -1
=y P 0
1 0 0
0 = 0
Va hy h, hy..h,(=2) 0
. / / / / /
ho h1 hz B hk hk+1 (:1) (k+2)x(k+2)
00O 3 0 0
vk
0 00O kS 0
V'n
00O0O0 O /i
Vw
L J(k+2)x(k+2)
6 Vk+1 O
O Vk+2
k+1 k+1 k+1
[ Frn k2 - 0 P J(k+2)x(n—k) .
0 0 0 O
0 o

v,, 0

(2.13)

the GTRS (n+2, k+2, a, v) code in systematic

(n—Kk)x(n-k)
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1
-0 0 - -
v, 0 0
1 -1
Va 0 0
h h, h..h,=D) 0
/A / / e
_hO hl h2 T hk hk+1 (_ 1)_(k+2)><(k+2)
000—= 00
Vi
1
0000 —O
VUD
1
0000 0—
Voo
L S (k+2)x(k+2)
1 1 1 - 1 1 1 1
ak+1 ak+2 ak+3 oo an—z an—l an B 7
2 2 2 2 2 2
ak+1 ak+2 ak+3 L an—z an—l an Vk+1 O
0 Vk+2
k-1 k-1 k-1 k-1 k= k-1
ak+1 ak+2 ak+3' o an—z an—l an
k k k k k k
Qg Oy Qg - Ay Ony a, 0 n-1 0
k+1 k+1 k+1 k+1 k+1 k+1
ko Fez Fas - - 0 Gy G O Jwspnry | 0 v, St
1 1 1 1
—h —h, —h —h., 0
1 1 1
7/h(; Thll Thzl Thkl Thkﬂ/
V Vv V Vv V
L Voo o o o o d(k+2)x(k+2)
Vk+1 Vk+2 ' . Vn—l Vn
XaVin XV - - PaVaa @RV,
2 2 2 2
AaVia A2V S OV oGV,
k k k k
AaVia  AiaVie Ce OV GV,
k-1 k1 k+1 k-1,
_ak:1Vk+1 Vo Coe oV gy, Jiks2x(n—k)
So,A =
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+...+

s

+.+

o

hlvk+1

o

1,
= hVies

o

—h ak+lvk+l

o

1 K
o hk+1ak+lvk+1 +0

1.y
+ Vi

o

1. «
Thkakﬂvm

k+1,

/
+ MoV

1 1
o h1Vn71 + T

EY

+.. +—hk+1an1v +0
v

o

1.
VT ho Vit

@

+..

o

e Vo

o

1.y
i, v,

EY

1o«
+ a hkanflvnfl

K+,

1.,
MoV,

o

1
—hy, +v—

! ha,v

n n'n

o EY

! —he,akv, + 0

o

+ .+
—h0v+ ha,v,
v v
1 Ik
ot Ny,
o
1 ! k+1,
+—hea, v,

o

J(k+2)x(n-k)

Therefore, it will be seen that rows of A from first row to the kth row will be identical with

rows of matrix A from first to kth row of matrix A of Theorem 1. The two rows, (k + 1)th and (k + 2)th,
of A4 will respectively be:

(since note that (V.o) .o o<

= (V)" K hy ) Vi, where 1 <j<(n-k)
awj (Vo) (T2 h/ _1-050) Vi, wherel < j< (n - k)
Therefore various entries of (k + 1)th row of A will be given by:

= (Vo) " (B By ). Vju, where 1< j<(n-K)
= (V) ek ( Z“” o).
- (VOO) Vj+k (h ((Ij+k) hO)

[since h(z) k+1 z—0,) = YK h,

implies that z:r=0 h,z"=h(z)
i.e. hg.z’ + Y&+ h z" = h(z)
i.e. ho.(1) + (XEFEh,z") — hyso . z =h(z)
|e ho+ (Z¥*2 h,z") - (0). Z? = h(z),

! Viso etc. = 0, which implies that in general (V.,) ™ .hso. cx,+k .v,-+k =0, which

means that hy,, = 0).

i.e. Yk+2h.z'=h(z) - hy

i.e. Ck42h,z" ). z—h(z) ho

ie. (Xt7hzr?) =2 ~.(h(2) - ho)
k+2

.e(Z Mt ) = 2 (0 - o)

r=1

(VOO) Vj+k (h(aj+k) hO)
j+k — o) - o]
k“(Z —a) i e. h(a,+k) = Hk“(a,+k -a))

(Voo) Vj+k — . ho
% +k

Therefore,

(since h(z) =
= (V)" Vi [T (041

- 1
= (Vo) 1 Vjk - (H{(:l(aﬁk — Ott)) . ((xj+kf(xk+1). w— - (Vw) Mgk T ho
j+k %+k

= (Vo)L (d). (@s—tirn): — - (Vo) Vjur . — . hg
%+k %4k
[since (1 5)is d = Viuc. [T 1 (054 — @) , with 1 <j <(n-K)]
= (V)™ —) [dj. (0jsk—0s1) - Ve -No]

= (Voo) ((11+k) [d;. (0jsk—0ue1) - Visk -No]
SO, = Coon(04ui) [0 (tjek—0s1) - Vjsk -No]  [since given is: (v..)" = c.]
Therefore,
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& = Coo.[(01:0) ™ (01 (sk—Oke1) = Vi -No), (024) ™. (2. ((12+k—0tk+1) Vauk -ho),
 (0igr) (A (@ (rkyrk—Os1) = V nokyek -No)]
= Caon[-(ohs1) Vi1 -No), (0ir2) ™ (G- ((Xk+2—(1k+1) Vk+2 o),
(an) (dn k- (0n— ak+1) -Vn -hO)]a
where ho= (1) . (opop,05 . . . 0,0e1) = (1) [T (xl
8. 8, = Co[-(0irs) " Vicet -('1)k+l “la, (hes2)™ (dz (02 —Olk+1) = Visz - (= 1)k+1 o),
(an) (G (On—0r2) -V (- 1)k+1Hk+1 )],
.8 . = Co[(-1)% (heen) “Vicor. [T 0, (Otk+2) (dz (02 —Olesn) + Virz -(-1)“? T o),
_ s (@)™ (Ao (n —0tes) + Vi .(-1)2 H}‘: ! )]
Various entries of (k + 2)th row of A will be given by:
= (Vo) (T WiV, 1<j<@-K)
= (Vo) " Viuk . h(oju).
[since h(Z) = k+1(Z — at) Zk+1 Zk+1
where h{s are functions of h;s, and hence hy’s are functlons of h's.
ie. Zk+1 h/ r=h(z)
ie. XXkt2_oh!_,.z"" 1 =h(z)
ie. Yki2 h/ -z =h(z)
ie. h(Z) - Zr:l h/ r—1
ie. h(oyp) = Z]r(— -1 0‘]+k]
= (Vo) Vi T (0 — at)
[since h@2) =TT (z — o) ie h(og) = TTEH (ojc — @]
= (v )t.q; (usmg (1 5)
=c, d; [smce givenisc.’ = (v.)}]
Therefore aw}—cw.d,, 1<j<(n-Kk).
= A= c.. (dy, dz, . . ., dhw).

Therefore, the code GTRS (n+2,k+2 a,v) has [I|A] as a form of generator matrix,
A= [aya ..., 48, s, a., a,...,a] which is GDC matrix having order (k + 2) x (n - k) got
from GC matrix by inserting the rows:

8 = Co.[(-1)"% (oheen) " Vicen - TIEAT 0, (0tir2) ™ (0 (Othr et + Vicrz (1) T o),

oo () (ke (O —0er) + Vi (1) TTHE 0)]; (2.14)

a)=c/(dy, do, . . ., dni) (2.15)
before the sth row of A when s < k+2, or as last row whens=k + 2,¢,=v.? ¢/ = (v.))", and
d;’s are the same as defined in equation (1.5).
(i)Now A is a GDC matrix having order (k+2)x (n-k) where every square sub-matrix of
the matrix A is not singular. And reversing the steps of proof of the part (i), conclusion can be
obtained that the matrix [l |K] will generate GTRS code having parameters n+2 and k+ 2, and is
determined by vectors a and v, where the vectors a and v can be derived from equations (1.6), (1.7),
(1.8), and (1.9). Note that in this way, all the co-ordinates of vectors a and v will be derived.

As far as o, o, and V,, V.’ are concerned, the index of o, o, in @ and that of v.,, v, in v will
be determined by the fact whether Cauchy matrix which underlines A and which is doubly extended
has two rows or two columns of 1s,and by index of those rows or columns. It means that if the
Cauchy matrix which underlines A and which is doubly extended is having two rows of 1s, then index
of these rows of 1s will tell the index of .., o, in vector @, and if the Cauchy matrix which underlines A
and which is doubly extended is having two columns of 1s, then index of these columns of 1s will tell the
index of v.,, v, in vector v.

3. Conclusion

If C is the GTRS code having (n + 2) and k as parameters, and is determined by vectors a and v,
0=(01, 02 . . . 01 O Oy Oy « . . L0, VE(VL, Vo, .« « . ,Ver Vo Vs Vs . . . , V), Where
s varies from k to (n + 2), then code C will have [I | A ] as a form of generator matrix, A is GDC matrix of
order k x (n + 2 - k) which is obtained from GC matrix A, where matrix A is having order k x (n - k).
And if C is GTRS code having (n + 2) and (k + 2) as parameters, and is determined by vectors a and v which
are same as above, but 1<s <k + 2, then C will have generator matrix of kind [I|A ], A is GDC matrix
having order (k + 2) x (n - k) obtained from GC matrix A, A is having order k x (n - k). And conversely, if
the given GDC matrix A is such that each square sub-matrix of A is not singular, then there will exist
vectors a and v which will determine the GTRS code C which is generated by [I|A]. Thus a new
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GTRS code is constructed having enlarged length and increased number of message-symbols. As
a result, transmission of the information becomes more safe; more number of message-symbols
are transmitted; and number of codewords within the code increases thereby enhancing the utility of
the code.
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